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Goal

“In mathematicsyou don't understandhings.
You justgetusedto them” —Johnvon Neumann
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| don't believe this is actuallytrue, but practicede -
nitely doesmale adifferencan visualizingextra-dimensional
objects.
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Applications

PureGeometry
Functionsof Complex Variables
Multi-dimensionalPhasespaces
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Pure Geometry Whatdoesaf simplex, hypercube600-
cellglook like?

Complex Variables A complex function of a comple
variableis typically thoughtof asmappinga por-
tion of thecomplec planeto anotherportionof the
compl plane.

A differentway of interpretinga comple function
of acomple variablef (z) is to considernt the set
of points:

fha;b;c;di jf (a+ ib) = c+ dig

PhaseSpace There are mary systemswhosestatere-
guiresmorethantwo or threevariablegso describe.

linearprogramswith morethanthree
variables

booleanequationsvith morethanthree
variables

n-item cross-correlations
etc.
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Other Applications

GOdel-EscheBachCube
PenrosémpossibleHypercube

GODEL,ESCHER,BACH:
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Truth betold, a greatdealof my motivationin creat-
Ing this raytracemweretheseplay topics.

| wantedto make a 4-d picturelike the cubeon the
cover of Godel-EscheBach usingmoreletters. | have
a 5-d shapewhich spellsout 'nklein® whenviewedfrom
the properaxisesn the proper3-space.

JohnH. Conway hasa cubeon his deskthat wasa
gift from RogerPenrose.The cubelookssolid to us 3-d
folk. But, theway theinsideof the cubeis structureds
the 4-d analogueof the impossiblecube.Sadly I'm still
trying to puzzlethis oneout.
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Overview

SpheresCylinders,andCubes
Intersectionsnions,andComplements
Quadratics
Polytopes
Hole Cube
Applications
Comple variables
Cornvex hulls
Spherepackings
Karnaughmaps
Phasespaces
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Cylinders Cylindersarejustextrusionsof lower-dimensional
balls. Cubesarejust specialcylinders.

CSG Standard-raytracestuft
Quadratics Quadraticsurfaces

Polytopes Convex polytopes Wythoff Constructionsin-
tersectiorof halfspaces.

Extrusions Generalizedersionsof cylinders
Hole Cube Prettyexample.
Functions Applicationto realproblems.

Odds and Ends E8, MonsterGroup,etc.
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Cylinder Formulation

A cylinder canbethoughtof asthe extrusionof an
r-dimensionaball (B") into n-dimensionakpaceor
O r n.

X
X

=1
I' Il referto thesecylindersas(r; n)-cylinders.

| _mré>1<fxi2g 1
i=r+
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Theextrusionsareperformedoneatatime.

To getthe duo-circle,one needsto intersecttwo of
these.

Spherearejustthespecialcasewherer = n.

Cubesarejust the specialcasewherer = 0 (orr =
1).
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Hyperballs

A hyperball(B4) seenin 2-Spacein 3-Spacepassing
through2-Spaceandpassinghrough3-Space.
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Thehyperballis the(n; n)-cylinder.

Depictedare:(2; 2)-, (3; 3)-, (3; 3)-, and(4; 4)-cylinders.

We're goingto usethesesamebasicviews for lots of
the picturesin this presentation.The rst will bea 2-D
view. Then,a 3-D view. Then,a 2-D view of the 3-D
objectpassinghroughFlatland.Then,a 3-D view of the
4-D objectpassinghroughour 3-D space.

You shouldcomparethe 3-D objectpassinghrough
Flatlandwith the 3-D object. You'll seethateachof the
framesin Flatlandcorrespond$o ahorizontalslicein the
3-D view right aboveit.

Theframesin the 4-D objectpassinghroughour 3-
D spacebearexactly the samerelationto the 4-D object
thattheframesin Flatlandhave to the 3-D object.
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Spheres

A ball (B ) extrudedto 4-d andseenin 2-Spacein
3-Spacepassinghrough2-Spaceandpassing
through3-Space.
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Depcitedare:(2; 2)-, (3; 3)-, (3; 3)-, and(3; 4)-cylinders.
Theseareaxis-aligned.We'll comebackto this one
In aminute.
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Circles

A disc(B ?) extrudedto 4-d andseenin 2-Spacein
3-Spacepassinghrough2-Spaceandpassing
through3-Space.
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Depcitedare:(2; 2)-, (2; 3)-, (2; 3)-, and(2; 4)-cylinders.
Theseareaxis-aligned.We'll comebackto this one
In aminute.
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Cubes

A line sgment(B ') extrudedto 4-d asseenin
2-Spacein 3-Spacepassinghrough2-Spaceand
passinghrough3-Space.
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Depcitedare:(0; 2)-, (0; 3)-, (0; 3)-, and(0; 4)-cylinders.
Theseareaxis-aligned.We'll comebackto this one
In aminute.
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Unaligned Spheres

A ball (B ) extrudedto 4-d andseenin 2-Spacein
3-Spacepassinghrough2-Spaceandpassing
through3-Space.
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Depcitedare:(2; 2)-, (3; 3)-, (3; 3)-, and(3; 4)-cylinders.
Thistime,they arenotaxis-alignedit maytake some
time to understandhe shapeof thingsat the bottom. It
will helpto think of someof the cross-sectionthatone
couldgetfrom anordinary(2; 3)-cylinder.
In particular drav acordon oneof thecircularbases
of a (2; 3)-cylinder. Then,cutthroughthatcord but not
parallelto the extrudedaxis.
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Unaligned Cir cles

A disc(B ?) extrudedto 4-d andseenin 2-Spacein
3-Spacepassinghrough2-Spaceandpassing
through3-Space.
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Depcitedare:(2; 2)-, (2; 3)-, (2; 3)-, and(2; 4)-cylinders.
Thistime, they arenot axis-aligned.Thistime, there
areactuallysomecornersnotadjacento theroundparts.
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Unaligned Cubes

A line sgment(B ') extrudedto 4-d asseenin
2-Spacein 3-Spacepassinghrough2-Spaceand
passinghrough3-Space.
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Depcitedare:(0; 2)-, (0; 3)-, (0; 3)-, and(0; 4)-cylinders.
Thistime, they arenot axis-aligned.
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Duo-Circle

Theintersectiorof two circlesextrudedinto 4-d and
orientedsothattheir “straight” sidesareall
orthogonal

x>+ y? 1

2+ w2 1
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This shapéhasnorealanaloguen lowerdimensions.

It Is somavhatsimilar to the Steinmetzsolid, but not
really.

Compardhealignedversionwith thealignedspheres
andalignedcircles.
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5-d Ball
A 5-dball (B5)
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This simply takesthe hyperballup in dimension.

Now the frames“progress”in two different direc-
tions.

Eachhorizontal(or vertical) row of framesis akin to
a horizontalrow in the4-dimages.
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/-d Ball
A 7-dball (B7)

N-DimensionaVisualizationThroughRaytracing- p.16



And, this goesup evenfurtherin dimension.
Each3 3 setof framesis akinto a5-dimage.

16-1



Coordinate-Colored Hyperball

A hyperball(B %) with its color afunctionof thepolar
coordinates

X = COS

Y = Sin COoS
Z= SIn Sin cos
W = SIn SIin Sin
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Is bandedn red
Is bandedn green

IS bandedn blue
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Without CSG

Two overlappingballs.

@\ @

N-DimensionaVisualizationThroughRaytracing- p.18



CSG standsfor Constructve Solid Geometry It's
a raytracingstandard. The usualoperationsare union,
Intersection andsubtraction(or cut). I've implemented
union,intersectionandcomplement.

We're goingto usethe samepair of hyperballs(B 4)
for all of the CSGpictureshere.

The greenhyperballwill be slightly transparenso
thatwe canseewhat's goingon insidetheballs.
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Union
Theunionof thesametwo balls.

@A B)
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Comparewhat you can seethroughthe greenball
with what you could seethroughthe greenball in the
previousslide.
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Intersection
Theintersectiornf the sametwo balls.

@A\ B)
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This shouldbeexactly the portionsthatwentmissing
In thepreviousslide.

@\[ @ =@Q@A[ B)[ @A\ B)
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Difference
Theredball minusthegreenball.

@A B)= @A\ B)
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This is the intersectionof the red ball with the com-
plementof thegreenball.

Thecoloringmaylook abit odd. You maynotexpect
to seethe greenat all. It givesmuchgreater e xibility
thisway. If onepreferedpnecouldattachtheredcolorto
theintersectiorobjectandachiere anentirelyredsphere
If desired But, if thatpartwereto getcoloredredhereby
default, theretd be no easyway to make that partgreen.
Oh, andit' sfar easierto implementt this way.
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Quadratics Formulation

2 3
di-q dAi2 di:3 ... dAin
0 dpo dp3 ... dp
x| O O azg3z ::: agn L%

+ % +c O

—]
pooOOD) N
&Ny &l
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The advantageof a quadraticsurfaceis thatyou can
usethe quadratidormulato calculatethe ray surfacein-
tersections.

Sortingout the equationabove, it may be helpful to
think of it as:

f(y;zi) =0y z i)+ h(xy;zii)+c
whereg(Xx; y; z;:::) iIsahomogeneoupolynomialof or-

der2,h(x;y;z;:::) isahomogeneoupolynomialof or-
derl, andcis aconstant.
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Quadratic Surfaces

vy 32+ xy+ 2yz+x+w 1 O
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For the2-D picture,all of thez andw arezero.
For the 3-D picture,all of thew arezero.
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5-d Quadratic Surface

vy 32+ wl+xy+2yz wv+x 5v 1 O
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Not muchnew to sayhere.
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Simplexes

S S
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I'm usingWythoff constructiongthusno Grand
Antiprism)

Vertexesgeneratedy the symmetrygroup

Convex hull of vertexescreatedusingintersection
of half spaces

Thegraphbesideeachpictureis the CoxeterDynkin
diagramfor the symmetrygroup. Eachvertex represents
a hyperplaneof re ection in afundamentafegion.
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5-d and 7-d Simplexes

SSSSS SSSSSSS
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Thesimplex existsin any numberof dimensions.
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Cubesand Octahedrons

S#S
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The cube, we saw earlier as a specialcaseof the
cylinder. Here,it is generatedby its symmetrygroup.
Thecubeandtheoctahedrorsharethe samesymme-

try group.
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5-d Cubesand Octahedrons
dssss
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Thecubeandoctahedrorbothexist in any numberof
dimensions.
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Dodecanedpns
drons

S 9 s

and

ICOSahne-
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Thedodecahedroandtheicosahedromredualpoly-
hedron.

Thedodecahedroandtheicosahedromresortof 3-d
analogueso the pentagon.

Thedodecahedrois the3-danaloguef the4-dpoly-
topethe 120-cell.

Theicosahedroms the 3-d analogueof the 4-d poly-
topethe 600-cell.

The 120-cellandthe 600-cellaredual polytopes.
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Twenty-Four Cell

s 4s s
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The 24-cellhasno directanaloguan 3-d. It is com-
posedof 24-octahedraneeting3 to anedge.

The24-cellis self-dual.

But, its intersectiorwith the 3-spacevherew = 01is
thecuboctahedron.
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Hole Cube

A cubewith a holedrilled througheachaxis.
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Most of the shapesve've seensofar have beencon-
VEX.

Things get a fair bit more complicatedwith shapes
passinghroughlowerdimensionatpacesvhentheshapes
arenotcornvex.

If youwerein Flatlandwatchingthiscubepasghrough,
you'd be hardpressedo know whatyou saw.

In 3-D, this isn't quite so bad, but it'll be harderto

keeptrack of how things t togetherthanit wasfor just
thecube.
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5-d Hole Cube
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With this 5-d version,you canseethattherearesome
spotswheretheholeon oneface“forms” beforethehole
ontheotherfaces.

It' sinterestingo notethesquaristshapdhatthecubes
take onin the overall pictureaswell ashow the holesin
the front facesform a patternvery similar to that of the
5-d hyperballshavn earlier
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Complex Variables

f(z)=(z+ (1+ 2))(z+ (1 2))
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Both of thesepicturesrepresenthesameobject. The
5-d versionis just orientedso that all four axisesof the
plot areperpendiculato straightahead.

Both of thesepictureshave a massve sh-eye effect
to shav you muchmoreof theplot.

They aregenerate@stheintersectiorof two quadratic
surfaces.

. 1
<t f (20
3 1
= (20

| haven't really studiedtheseenoughyetto drav ary
usefulconclusionsere.
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Convex Hull

Union of acubeandanoctahedron

Cornvex hull of acubeandanoctahe-
dron
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Thecubehadvertexesat:
h 1, 1, 1, 1
Theoctahedrorhadvertexesat permutation®f:
h 2;0;0; 0l
| Convex polytopesareat the heartof linear program-
ming.

Convex polytopesoftencomeup in otherareadike:
basepolytopesof a latticeandVornoi cells.
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Kissing Number

Visualvalidationthatthe kissingnumberof
S3 is atleast24.

Samepicture viewed sheyed from inside
the centersphere.
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We canactuallycountthe 24-spheresin the center
frameatthetop, therearel2 spherewisible.

In the third frame,you canseeanothersix. And, in
theseventhframe,you canseethe nal six.

They're harderto countin the bottomsequenceBut,
they're still there.

Thecenterframeshons 12 spheres.

The dark red ball in the centerof framesthreeand
four is oppositethedarkredball in framesone,two, and
three. You canseethe pink andthe bright-redballs in
framethree. That's six on this end. Therearesix on the
otherend,too.
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Kar naugh Maps
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Karnaughmapsare a tool usedby computerengi-
neersto reducecomple logical expressiondown to a
sumof products.The goal of thatis to beableto imple-
mentthefunctionin digital logic in only two steps.

The engineerdrans out map like this for his ve-
variable problem. Then, he circles groupingsof trues
which arein particularpatternsof 1, 2, 4, 8, etc. cells.

In the picturesattheright, somesize4 cellsarehigh-
lighted.

Thegrouphighlightedin light grey onthebottompic-
tureis notavalid grouping.

Thispictureis reallyattemptingo shaov anunfolding
ofa2 2 2 2 2cube.And,thecircledportionsare
supposedo represenslicesthroughthecube(or through
slicesalreadychopped).

So,why notview it thatway?
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Kar naugh Maps (5-D)



Here,thegreensquaresepresentrueandthereddi-
amondgepresentalse.

Somepossiblegroupingsherewould be to slice the
upperframesapartfrom the lower. Then,slice eachup-
perframevertically. Then,sliceeachnew right-sidepiece
halfway back. Then, we'd be left with the four green
square®n thefront-left of theupperframestogether
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Credits

GOdel-EscheBachCubefrom Amazon.com:
http://www.amazon.com/exec/
obidos/tg/detail/-/0465026567

mpossibleCubefrom This Fun's For You:
nttp://www.thisfunsforyou.com /
ntdocs/illusions/thecube.php
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SourceCode

Raytracemlandinput les:
http://www.nklein.com/product s/rt [/
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