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Goal

“In mathematics,youdon't understandthings.

You just getusedto them.” —JohnvonNeumann
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I don't believe this is actuallytrue,but practicede�-
nitelydoesmakeadifferencein visualizingextra-dimensional
objects.
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Applications
� PureGeometry
� Functionsof Complex Variables
� Multi-dimensionalPhaseSpaces
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Pure Geometry Whatdoesaf simplex, hypercube,600-
cell g look like?

ComplexVariables A complex function of a complex
variableis typically thoughtof asmappinga por-
tion of thecomplex planeto anotherportionof the
complex plane.

A differentwayof interpretingacomplex function
of a complex variablef (z) is to considerit theset
of points:

fha; b;c;di jf (a + ib) = c + dig

PhaseSpace Thereare many systemswhosestatere-
quiresmorethantwo or threevariablesto describe.

� linearprogramswith morethanthree
variables

� booleanequationswith morethanthree
variables

� n-item cross-correlations
� etc.
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Other Applications
� Gödel-Escher-BachCube
� PenroseImpossibleHypercube
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Truth betold, a greatdealof my motivationin creat-
ing this raytracerweretheseplay topics.

I wantedto make a 4-d picturelike the cubeon the
cover of Gödel-Escher-Bachusingmore letters. I have
a 5-d shapewhich spellsout 'nklein' whenviewedfrom
theproperaxisesin theproper3-space.

JohnH. Conway hasa cubeon his deskthat wasa
gift from RogerPenrose.Thecubelookssolid to us3-d
folk. But, theway the insideof thecubeis structuredis
the4-d analogueof theimpossiblecube.Sadly, I'm still
trying to puzzlethisoneout.
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Overview
� Spheres,Cylinders,andCubes
� Intersections,Unions,andComplements
� Quadratics
� Polytopes
� HoleCube
� Applications

� Complex variables
� Convex hulls
� Spherepackings
� Karnaughmaps
� Phasespaces
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Cylinders Cylindersarejustextrusionsof lower-dimensional
balls.Cubesarejust specialcylinders.

CSG Standard-raytracerstuff

Quadratics Quadraticsurfaces

Polytopes Convex polytopes.Wythoff Constructions.In-
tersectionof halfspaces.

Extrusions Generalizedversionsof cylinders

Hole Cube Prettyexample.

Functions Applicationto realproblems.

Oddsand Ends E8,MonsterGroup,etc.
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Cylinder Formulation
A cylindercanbethoughtof astheextrusionof an
r -dimensionalball (B r ) into n-dimensionalspacefor
0 � r � n.

rX

i=1

x2
i � 1

n
max
i= r +1

f x2
i g � 1

I' ll referto thesecylindersas(r; n)-cylinders.
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Theextrusionsareperformedoneata time.
To get the duo-circle,oneneedsto intersecttwo of

these.
Spheresarejust thespecialcasewherer = n.
Cubesarejust thespecialcasewherer = 0 (or r =

1).
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Hyperballs
A hyperball(B 4) seenin 2-Space,in 3-Space,passing
through2-Space,andpassingthrough3-Space.
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Thehyperballis the(n; n)-cylinder.
Depictedare:(2; 2)-, (3; 3)-, (3; 3)-, and(4; 4)-cylinders.
We're goingto usethesesamebasicviews for lotsof

the picturesin this presentation.The �rst will be a 2-D
view. Then,a 3-D view. Then,a 2-D view of the 3-D
objectpassingthroughFlatland.Then,a3-D view of the
4-D objectpassingthroughour 3-D space.

You shouldcomparethe3-D objectpassingthrough
Flatlandwith the3-D object. You'll seethateachof the
framesin Flatlandcorrespondsto ahorizontalslicein the
3-D view right above it.

The framesin the4-D objectpassingthroughour 3-
D spacebearexactly thesamerelationto the4-D object
thattheframesin Flatlandhave to the3-D object.
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Spheres
A ball (B 3) extrudedto 4-d andseenin 2-Space,in
3-Space,passingthrough2-Space,andpassing
through3-Space.
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Depcitedare:(2; 2)-, (3; 3)-, (3; 3)-, and(3; 4)-cylinders.
Theseareaxis-aligned.We'll comebackto this one

in a minute.
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Cir cles
A disc(B 2) extrudedto 4-dandseenin 2-Space,in
3-Space,passingthrough2-Space,andpassing
through3-Space.
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Depcitedare:(2; 2)-, (2; 3)-, (2; 3)-, and(2; 4)-cylinders.
Theseareaxis-aligned.We'll comebackto this one

in a minute.
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Cubes
A line segment(B 1) extrudedto 4-dasseenin
2-Space,in 3-Space,passingthrough2-Space,and
passingthrough3-Space.
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Depcitedare:(0; 2)-, (0; 3)-, (0; 3)-, and(0; 4)-cylinders.
Theseareaxis-aligned.We'll comebackto this one

in a minute.

10-1



UnalignedSpheres
A ball (B 3) extrudedto 4-d andseenin 2-Space,in
3-Space,passingthrough2-Space,andpassing
through3-Space.
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Depcitedare:(2; 2)-, (3; 3)-, (3; 3)-, and(3; 4)-cylinders.
Thistime,they arenotaxis-aligned.It maytakesome

time to understandthe shapeof thingsat the bottom. It
will help to think of someof thecross-sectionsthatone
couldgetfrom anordinary(2; 3)-cylinder.

In particular, draw acordononeof thecircularbases
of a (2; 3)-cylinder. Then,cut throughthat cordbut not
parallelto theextrudedaxis.
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UnalignedCir cles
A disc(B 2) extrudedto 4-dandseenin 2-Space,in
3-Space,passingthrough2-Space,andpassing
through3-Space.
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Depcitedare:(2; 2)-, (2; 3)-, (2; 3)-, and(2; 4)-cylinders.
This time, they arenot axis-aligned.This time, there

areactuallysomecornersnotadjacentto theroundparts.
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UnalignedCubes
A line segment(B 1) extrudedto 4-dasseenin
2-Space,in 3-Space,passingthrough2-Space,and
passingthrough3-Space.
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Depcitedare:(0; 2)-, (0; 3)-, (0; 3)-, and(0; 4)-cylinders.
This time, they arenotaxis-aligned.
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Duo-Circle
Theintersectionof two circlesextrudedinto 4-dand
orientedsothattheir “straight” sidesareall
orthogonal

x2 + y2 � 1

z2 + w2 � 1
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Thisshapehasnorealanaloguein lowerdimensions.
It is somewhatsimilar to theSteinmetzsolid,but not

really.
Comparethealignedversionwith thealignedspheres

andalignedcircles.
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5-d Ball
A 5-dball (B 5)
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Thissimply takesthehyperballup in dimension.
Now the frames“progress” in two different direc-

tions.
Eachhorizontal(or vertical)row of framesis akin to

ahorizontalrow in the4-d images.
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7-d Ball
A 7-dball (B 7)
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And, thisgoesup evenfurtherin dimension.
Each3 � 3 setof framesis akin to a 5-d image.
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Coordinate-ColoredHyperball
A hyperball(B 4) with its colora functionof thepolar
coordinates

x = cos�

y = sin� cos�

z = sin� sin� cos 

w = sin� sin� sin 

N-DimensionalVisualizationThroughRaytracing– p.17



�  is bandedin red

� � is bandedin green

� � is bandedin blue
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Without CSG
Two overlappingballs.

@A [ @B
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CSG standsfor Constructive Solid Geometry. It' s
a raytracingstandard. The usualoperationsare union,
intersection,andsubtraction(or cut). I' ve implemented
union,intersection,andcomplement.

We're goingto usethesamepair of hyperballs(B 4)
for all of theCSGpictureshere.

The greenhyperball will be slightly transparentso
thatwecanseewhat's goingon insidetheballs.
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Union
Theunionof thesametwo balls.

@(A [ B)
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Comparewhat you can seethrough the greenball
with what you could seethroughthe greenball in the
previousslide.
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Intersection
Theintersectionof thesametwo balls.

@(A \ B)
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Thisshouldbeexactly theportionsthatwentmissing
in thepreviousslide.

@A [ @B = @(A [ B ) [ @(A \ B )
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Differ ence
Theredball minusthegreenball.

@(A � B) = @(A \ B)
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This is the intersectionof theredball with thecom-
plementof thegreenball.

Thecoloringmaylook abit odd.Youmaynotexpect
to seethe greenat all. It givesmuchgreater�e xibility
thisway. If oneprefered,onecouldattachtheredcolorto
theintersectionobjectandachieve anentirelyredsphere
if desired.But, if thatpartwereto getcoloredredhereby
default, there'd beno easyway to make thatpartgreen.
Oh,andit' s fareasierto implementit thisway.
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Quadratics Formulation

~xT
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6
6
6
6
4

a1;1 a1;2 a1;3 : : : a1;n

0 a2;2 a2;3 : : : a2;n
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3

7
7
7
7
7
5

~x

+ ~xT

2

6
6
6
6
6
4

b1

b2

b3
...

bn

3

7
7
7
7
7
5

+ c � 0
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Theadvantageof a quadraticsurfaceis thatyou can
usethequadraticformulato calculatetheray surfacein-
tersections.

Sortingout the equationabove, it may be helpful to
think of it as:

f (x; y; z; : : :) = g(x; y; z; : : :) + h(x; y; z; : : :) + c

whereg(x; y; z; : : :) is ahomogeneouspolynomialof or-
der2, h(x; y; z; : : :) is ahomogeneouspolynomialof or-
der1, andc is a constant.
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Quadratic Surfaces

� y2 � 3z2 + xy + 2yz + x + w � 1 � 0
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For the2-D picture,all of thez andw arezero.
For the3-D picture,all of thew arezero.
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5-d Quadratic Surface

� y2 � 3z2 + w2 + xy + 2yz � wv + x � 5v � 1 � 0
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Not muchnew to sayhere.
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Simplexes
s s

s s s

s s s s
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� I'm usingWythoff constructions(thusnoGrand
Antiprism)

� Vertexesgeneratedby thesymmetrygroup

� Convex hull of vertexescreatedusingintersection
of half spaces

Thegraphbesideeachpictureis theCoxeter-Dynkin
diagramfor thesymmetrygroup.Eachvertex represents
ahyperplaneof re�ection in a fundamentalregion.
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5-d and 7-d Simplexes
s s s s s sssssss
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Thesimplex existsin any numberof dimensions.
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Cubesand Octahedrons
4s s

4s s s

4s s s s
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The cube, we saw earlier as a specialcaseof the
cylinder. Here,it is generatedby its symmetrygroup.

Thecubeandtheoctahedronsharethesamesymme-
try group.
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5-d Cubesand Octahedrons
4s s s s s
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Thecubeandoctahedronbothexist in any numberof
dimensions.
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Dodecahedrons and Icosahe-
drons

5s s

5s s s

5s s s s
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Thedodecahedronandtheicosahedronaredualpoly-
hedron.

Thedodecahedronandtheicosahedronaresortof 3-d
analoguesto thepentagon.

Thedodecahedronis the3-danalogueof the4-dpoly-
topethe120-cell.

Theicosahedronis the3-d analogueof the4-d poly-
topethe600-cell.

The120-cellandthe600-cellaredualpolytopes.
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Twenty-Four Cell
4s s s s
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The24-cellhasno directanaloguein 3-d. It is com-
posedof 24-octahedrameeting3 to anedge.

The24-cellis self-dual.
But, its intersectionwith the3-spacewherew = 0 is

thecuboctahedron.
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Hole Cube
A cubewith aholedrilled througheachaxis.
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Most of theshapeswe've seensofar have beencon-
vex.

Thingsget a fair bit morecomplicatedwith shapes
passingthroughlower-dimensionalspaceswhentheshapes
arenotconvex.

If youwerein Flatlandwatchingthiscubepassthrough,
you'd behardpressedto know whatyou saw.

In 3-D, this isn't quite so bad,but it' ll be harderto
keeptrackof how things�t togetherthanit wasfor just
thecube.
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5-d Hole Cube
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With this5-dversion,youcanseethattherearesome
spotswheretheholeononeface“forms” beforethehole
on theotherfaces.

It' sinterestingtonotethesquarishshapethatthecubes
take on in theoverall pictureaswell ashow theholesin
the front facesform a patternvery similar to that of the
5-d hyperballshown earlier.
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ComplexVariables

f (z) = (z + (1 + 2i ))( z + (1 � 2i ))
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Bothof thesepicturesrepresentthesameobject.The
5-d versionis just orientedso that all four axisesof the
plot areperpendicularto straightahead.

Both of thesepictureshave a massive �sh-eye effect
to show you muchmoreof theplot.

They aregeneratedastheintersectionof twoquadratic
surfaces.

j<f f (z)gj �
1
2

j=f f (z)gj �
1
2

I haven't really studiedtheseenoughyet to draw any
usefulconclusionshere.
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ConvexHull
Unionof acubeandanoctahedron

Convex hull of a cubeandanoctahe-
dron
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Thecubehadvertexesat:

h� 1; � 1; � 1; � 1i

Theoctahedronhadvertexesatpermutationsof:

h� 2; 0; 0; 0i

Convex polytopesareat theheartof linearprogram-
ming.

Convex polytopesoftencomeup in otherareaslike:
basepolytopesof a latticeandVornoi cells.
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Kissing Number

Visualvalidationthatthekissingnumberof
S3 is at least24.

Samepicture viewed �sheyed from inside
thecentersphere.
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We canactuallycountthe 24-spheres.In the center
frameat thetop, thereare12spheresvisible.

In the third frame,you canseeanothersix. And, in
theseventhframe,you canseethe�nal six.

They're harderto countin thebottomsequence.But,
they're still there.

Thecenterframeshows 12spheres.
The dark red ball in the centerof framesthreeand

four is oppositethedarkredball in framesone,two, and
three. You canseethe pink and the bright-redballs in
framethree.That's six on this end. Therearesix on the
otherend,too.
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Kar naughMaps
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Karnaughmapsare a tool usedby computerengi-
neersto reducecomplex logical expressionsdown to a
sumof products.Thegoalof that is to beableto imple-
mentthefunctionin digital logic in only two steps.

The engineerdraws out map like this for his � ve-
variableproblem. Then, he circles groupingsof trues
whicharein particularpatternsof 1, 2, 4, 8, etc. cells.

In thepicturesat theright, somesize4 cellsarehigh-
lighted.

Thegrouphighlightedin light grey onthebottompic-
tureis notavalid grouping.

Thispictureis reallyattemptingto show anunfolding
of a2� 2� 2� 2� 2 cube.And, thecircledportionsare
supposedto representslicesthroughthecube(or through
slicesalreadychopped).

So,why notview it thatway?
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Kar naughMaps (5-D)
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Here,thegreensquaresrepresenttrueandthereddi-
amondsrepresentfalse.

Somepossiblegroupingsherewould be to slice the
upperframesapartfrom the lower. Then,sliceeachup-
perframevertically. Then,sliceeachnew right-sidepiece
halfway back. Then, we'd be left with the four green
squareson thefront-left of theupperframestogether.
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Credits
� Gödel-Escher-BachCubefrom Amazon.com:

http://www.amazon.com/exec/
obidos/tg/detail/-/0465026567

� ImpossibleCubefrom ThisFun's For You:
http://www.thisfunsforyou.com /
htdocs/illusions/thecube.php
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SourceCode
� Raytracerandinput �les:

http://www.nklein.com/product s/rt /
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